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We discuss the resummation of the large logarithmic terms appearing in the heavy quark effects
on parton distribution functions inside the virtual photon. We incorporate heavy quark mass effects
by changing the initial condition of the leading-order DGLAP evolution equation. In a certain
kinematical limit, we recover the logarithmic terms of the next-to-leading order heavy quark effects
obtained in the previous work. This method enables us to resum the large logarithmic terms due
to heavy quark mass effects on the parton distributions in the virtual photon. We numerically
calculate parton distributions using the formulae derived in this work, and discuss the property of
the resummed heavy quark effects.
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I. INTRODUCTION
The Large Hadron Collider (LHC) [1] has restarted at the CERN for the purpose of discovering the Higgs boson,
the new physics beyond the standard model, and investigating the detailed information for the quark gluon plasma,
the B meson decays and so on. The precise measurement will be needed to confirm the discovery of the Higgs boson
and searching the beyond standard model at the electron-positron collider like International Linear Collider (ILC) [2]
and Super KEK-B [3]. In such a case, we have to know the behaviour of quantum chromodynamics (QCD) at high
energies because of the largeness of QCD corrections.
There is a well-known fact that the cross section of the two-photon processes e+e− → γ∗γ∗ → e+e− + hadrons
dominates over that of the one-photon annihilation processes e+e− → γ∗ → hadrons in the electron-positron collisions
at high energies [4]. Let us consider the two-photon processes where both of the outgoing e+ and e− are detected
and one of the virtual photons is far off-shell with mass squared q2 = −Q2, while the other photon is close to the
on-shell with mass squared p2 = −P 2. In this kinematical region, the former photon is called the ‘probe photon’ and
the latter one is called the ‘target photon’ (see Fig. 1).
We can regard this two-photon process as the deep-inelastic scattering in the electron-positron collision where the
target is a photon rather than a nucleon. In this point of view, we can define the photon structure functions as
the analogues of the nucleon structure functions, and the photon structure functions are predicted by the quantum
electrodynamics (QED) and QCD. One of the difference between the nucleon structure functions and the photon
structure functions is the target mass (P 2) dependence. The P 2 is not fixed for the virtual photon case, on the other
∗Electronic address: kitadono@theo.phys.sci.hiroshima-u.ac.jp
†Electronic address: sahara@scphys.kyoto-u.ac.jp
‡Electronic address: uematsu@scphys.kyoto-u.ac.jp
§Electronic address: tueda@hep.ph.tsukuba.ac.jp
2‘probe photon’
‘target photon’
xP
e
−
e
−
e
+
e
+
q2= −Q2
p2= −P2
FIG. 1: Deep inelastic scattering for virtual photons in e+e− collision.
hand, P 2 is fixed for the nucleon case. There are many good reviews for the theoretical as well as the experimental
works for photon structure functions, for example, see [5].
The real (P 2 = 0) unpolarised photon structure functions F γ2 (x,Q
2) and F γL(x,Q
2) were investigated in the parton
model (PM) [6], in the perturbative QCD (pQCD) based on the operator product expansion (OPE) [7] supplemented
by the renormalisation group (RG) method [8, 9], and also on the QCD improved PM [10] powered by the parton
evolution equation [11–14]. The real polarised photon structure function gγ1 (x,Q
2) was investigated with pQCD in [15]
for the leading-order (LO), and for the next-to-leading order (NLO) in [16, 17].
The virtual (P 2 6= 0) unpolarised photon structure functions F γ2 (x,Q
2, P 2) and F γL(x,Q
2, P 2) were also investigated
by [18–22] in the kinematical region
Λ2 ≪ P 2 ≪ Q2, (1)
where Λ is the fundamental QCD scale parameter. The advantage to study the virtual photon target for the kine-
matical region (1) is that we can calculate the whole shape and magnitude of the photon structure functions entirely
by the perturbative method. Based on the recent results for the three-loop calculation for the photon-quark and
the photon-gluon splitting functions (anomalous dimensions) [14, 23, 24], the unpolarised virtual photon structure
function F γ2 (x,Q
2, P 2) (F γL(x,Q
2, P 2)) was studied to the NNLO (to the NLO) [25, 26], and the polarised virtual
photon structure function gγ1 (x,Q
2, P 2) was studied to the NLO in [17, 27–29].
In the parton picture, the photon structure function is expressed as the convolution of the parton distribution
function (PDF) in the virtual photon with the coefficient functions in the OPE formalism. We can also give the
definite prediction for the PDFs inside the photon, which we call “photon PDFs” for short, in the present paper.
The theoretical calculations were done for unpolarised and polarised photon PDFs in [20, 30–34]. However, these
calculations in [14, 25, 33, 34] were assumed that all quarks in the virtual photon are massless. When the centre of
mass energy is enough large to produce heavy quarks (with mass m), i.e. (p + q)2 ≥ 4m2, the heavy quark mass
effects should be taken into account. In the case of the nucleon target, the heavy quark mass effects were studied by
a method based on the OPE in [35].
Many authors have investigated the heavy quark mass effects in the photon structure functions [12, 17, 31, 32, 36–
42]. The heavy quark mass effects were included in the theoretical calculation for the PDFs of the real photon in
Ref. [32, 36] by changing the initial condition of the DGLAP equation, for the virtual photon PDFs in Ref. [42, 43]
by using the OPE formalism supplemented by the mass-independent DGLAP equation. In Refs. [32, 36], the heavy
quark mass effects are incorporated by changing the initial condition. On the other hand, in Refs. [42, 43], the heavy
quark mass effects are included by evaluating the finite matrix elements of the heavy-quark operators between the
photon states. Recently we have found that the DGLAP equation with modified initial condition for the heavy quark
PDF [32, 36] leads to the similar results which we have obtained by the OPE method [42, 43] as we have mentioned
before.
In the present paper, we adopt the alternative way to treat the heavy quark mass effects on the virtual photon
PDFs by setting the initial condition for the heavy quark PDF in the DGLAP evolution equation, which amounts to
sum up the large logarithmic terms. Through this prescription we try to improve the previous results for the heavy
quark mass effects.
In the next section, we discuss the basic formalism of the evolution equation for virtual photon PDFs. We derive
the explicit expressions for the virtual photon PDFs with the heavy quark mass effects in which the large logarithmic
3terms are resummed in section III. In section IV, we present the numerical calculation of the results for photon PDFs.
The final section is devoted to the conclusions.
II. BASIC FORMALISM
First let us discuss the basic formalism of the evolution equation for the PDFs in the virtual photon to the leading-
order (LO) in QCD. We consider the system with nf quarks and decompose it into two groups, nf − 1 light (i.e.
massless) quarks and a heavy quark. Let
qiL(x,Q
2, P 2), qγH(x,Q
2, P 2), Gγ(x,Q2, P 2), Γγ(x,Q2, P 2), (2)
be light quark distributions (with i flavour and i = 1, . . . , nf − 1), heavy quark distribution, gluon distribution and
photon distribution inside the virtual photon, respectively. All the PDFs qγi (x,Q
2, P 2) evolve from the virtuality of
the target photon P 2 to the virtuality of the probe photon Q2. At the LO of the QED coupling constant (O(α);
α = e2/4π), Γγ(x,Q2, P 2) does not evolve with respect to Q2 and therefore we set Γγ(x,Q2, P 2) = δ(1 − x). Since
light quarks are distinguished from other quarks only through their electromagnetic charge, it is good to change the
flavour basis to the light singlet and the light nonsinglet. We define the light singlet qγLs and the light nonsinglet q
γ
Lns
by the equations
qγLs ≡
nf−1∑
i=1
qiL , q
γ
Lns ≡
nf−1∑
i=1
e2i
(
qiL −
1
nf − 1
qγLs
)
, (3)
where ei is the electromagnetic charge for i-th flavour quark in the unit of proton charge. The photon PDFs are
described by a row vector qγ which satisfies the inhomogeneous DGLAP evolution equation
d
d lnQ2
qγ(x,Q2, P 2) =
∫ 1
x
dy
y
q(y,Q2, P 2)Pˆ
(
x
y
,Q2
)
+ k(x,Q2), (4)
where the row vector qγ(x,Q2, P 2) is defined as
qγ = (qγLs, q
γ
H , G
γ , qγLns) , (5)
and another row vector kγ(x,Q2) = (kLs, kH , kG, kLns) denotes the photon-parton splitting functions. The 4 × 4
matrix Pˆ (z,Q2) is expressed as
Pˆ (z,Q2) =


PSLL(z,Q
2) PHL(z,Q
2) PGL(z,Q
2) 0
PLH(z,Q
2) PHH(z,Q
2) PGH(z,Q
2) 0
PLG(z,Q
2) PHG(z,Q
2) PGG(z,Q
2) 0
0 0 0 PNSLL (z,Q
2)

 , (6)
where each element PAB means a splitting function of B parton to A parton.
One can solve the DGLAP equation (4) by introducing the moments of the photon PDFs [6]. Here we discuss the
procedure briefly. By taking the moment, one obtains the equation
d
d lnQ2
qγ(n,Q2, P 2) = k(n,Q2) + qγ(n,Q2, P 2)Pˆ
(
n,Q2
)
, (7)
where an n-th moment f(n) of a function f(x) is defined by
f(n) ≡
∫ 1
0
dxxn−1f(x). (8)
Then we introduce the variable t as [44]
t =
2
β0
ln
αs(P
2)
αs(Q2)
, (9)
4instead of Q2. We expand kn = k(n,Q
2), Pˆ n = Pˆ (n,Q
2) and qγn = q
γ(n,Q2, P 2) in powers of the QED coupling
constant α as well as the QCD coupling constant αs as follows
kn =
α
2π
k
(0)
n +
α
2π
αs(t)
2π
k
(1)
n + · · · , (10)
Pˆ n =
αs(t)
2π
Pˆ
(0)
n +
(
αs(t)
2π
)2
Pˆ
(1)
n + · · · , (11)
qγn = q
γ(0)
n + q
γ(1)
n + · · · , (12)
where the αs dependence appears in q
γ
n implicitly with the notation [25], and q
γ(0)
n and q
γ(1)
n correspond to the LO
and NLO solutions, respectively. One finally obtains the LO solution q
γ(0)
n for the DGLAP equation (7) as
qγ(0)n (t) =
α
8πβ0
4π
αs(t)
K(0)n
∑
i
Pni
1
1 + dni
{
1− r1+d
n
i
}
+ qγ(0)n (0)
∑
i
rd
n
i Pni , (13)
where r is the ratio of QCD couplings which is defined by
r =
αs(t)
αs(0)
=
αs(Q
2)
αs(P 2)
. (14)
Now the last term of (13) is determined by the initial condition. Although we usually set q
γ(0)
n (0) = 0, as we took
in our previous paper [43], we change the initial condition for the heavy quark PDF and we will discuss the relation
between this modification and resummation in the next section.
β0 and β1 appears in the perturbative expansion of the QCD running coupling constant of the QCD running
coupling constant
d
d lnQ2
αs(Q
2) = −β0
α2s(Q
2)
4π
− β1
α3s(Q
2)
(4π)2
+ · · · , (15)
with β0 = 11− 2nf/3 and β1 = 102− 38nf/3. The relation between k
(0)
n and K
(0)
n is given by,
k
(0)
n =
1
4
K
(0)
n , (16)
where the elements of row vector K(0)n =
(
K0,nLs ,K
0,n
H ,K
0,n
G ,K
0,n
Lns
)
are evaluated to be
K0,nLs = 24(nf − 1)〈e
2〉Lk
0
n, (17)
K0,nH = 24e
2
Hk
0
n, (18)
K0,nG = 0, (19)
K0,nLns = 24(nf − 1)(〈e
4〉L − 〈e
2〉2L)k
0
n, (20)
k0n =
n2 + n+ 2
n(n+ 1)(n+ 2)
, (21)
where the charge factors for quadratic term 〈e2〉L and for quartic term 〈e
4〉L are defined by
〈e2〉L ≡
1
nf − 1
nf−1∑
i=1
e2i , 〈e
4〉L ≡
1
nf − 1
nf−1∑
i=1
e4i . (22)
Note that K0,nLs + K
0,n
H = K
0,n
ψ , and K
0,n
ψ is the usual flavour-singlet anomalous dimension for nf massless quarks.
The relation between Pˆ
(0)
n and P
n
i is given by
Pˆ
(0)
n = −
1
4
γˆ(0)n = −
1
4
∑
i=ψ,±,Lns
λni P
n
i , (23)
5where γˆ
(0)
n is the one-loop hadronic anomalous dimension matrix, λni = 2β0d
n
i (i = ψ,±, Lns) are the eigenvalues of
γˆ
(0)
n which are given by
λnψ = λ
n
Lns = γ
0,n
ψψ , (24)
λn± =
1
2
[
γ0,nψψ + γ
0,n
GG ±
√
(γ0,nψψ − γ
0,n
GG)
2 + 4γ0,nψGγ
0,n
Gψ
]
. (25)
The Pni are the projection matrices in the spectral decomposition for γˆ
(0)
n which satisfy the following relations:
Pni P
n
j = δijP
n
i ,
∑
i
Pni = 14×4, (26)
where i, j = ψ,±, Lns runs over the eigenvalues, and the explicit expressions are given by
Pnψ =


1
nf
− 1
nf
0 0
−
nf−1
nf
nf−1
nf
0 0
0 0 0 0
0 0 0 0

 , PnLns =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , (27)
Pn± =
1
λn± − λ
n
∓


nf−1
nf
(γ0,nψψ − λ
n
∓)
1
nf
(γ0,nψψ − λ
n
∓) γ
0,n
Gψ 0
nf−1
nf
(γ0,nψψ − λ
n
∓)
1
nf
(γ0,nψψ − λ
n
∓) γ
0,n
Gψ 0
nf−1
nf
γ0,nψG
1
nf
γ0,nψG γ
0,n
GG − λ
n
∓ 0
0 0 0 0

 . (28)
The most important part in the present paper is q
γ(0)
n (0), which is the initial condition for the DGLAP Eq. (7). We
usually set this term q
γ(0)
n (0) to be vanishing at the LO. However, we will find that the resummed expression of the
logarithm term ln(m2/P 2) which appears as the heavy quark mass effects in Eq. (65) in Ref. [43] is recovered by
changing the initial condition of the DGLAP Eq. (7) for the heavy quark component as discussed in the next section.
III. INITIAL CONDITION AND RESUMMATION
In Ref. [43] it is shown that the additional terms for the moment of the PDF obtained by the OPE method are
proportional to the LO renormalisation group parameters and the logarithmic terms. Therefore we can expect the
possibility to derive the previous results by the LO evolution equation. We demonstrate it by changing the initial
condition for the LO evolution equation.
A. A change in the initial condition for the heavy quark
The moment for the heavy quark component q
(0),n
H (t) can be projected after some calculations by using the Eq. (13),
q
(0),n
H (t)/
α
8πβ0
=
4π
αs(t)
[
−
1
1 + dnψ
(
1
nf
Knψ −K
0,n
H
)(
1− rd
n
ψ+1
)
+
1
nf
K0,nψ
∑
±
1
1 + dn±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
(
1− rd
n
±+1
)]
+
[
nf − 1
nf
rd
n
ψ +
1
nf
∑
±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
rd
n
±
]
qˆ
(0),n
H (0)/
α
8πβ0
, (29)
where we denote
∑
± f(λ±) ≡ f(λ+)+f(λ−) and qˆ
(0),n
H in the last term should be determined later. As we mentioned
previously, we change the initial condition of the DGLAP equation. Let us consider the following condition:
qγ(0)n (t = 0) =
(
0, qˆ
(0),n
H , 0, 0
)
, (30)
where qˆ
(0),n
H is the heavy-quark PDF evaluated at the scale t = 0 (Q
2 = P 2). This modification for the initial condition
of the LO DGLAP equation corresponds to a kind of the heavy quark threshold effect, because the evolution for the
6heavy quark component is suppressed by this condition. The initial condition qˆ
(0),n
H is determined by the equation
qˆ
(0),n
H (tm) = 0, (31)
tm =
2
β0
ln
αs(P
2)
αs(m2)
. (32)
Setting t = tm in Eq. (29), we obtain the following result:
qˆ
(0),n
H (0)/
α
8πβ0
= −Hn(tm)/Jn(tm), (33)
where the functions Hn(tm) and Jn(tm) are defined by
Hn(tm) =
4π
αs(tm)
[
−
1
1 + dnψ
(
1
nf
Knψ −K
0,n
H
)(
1− r
dnψ+1
m
)
+
∑
±
1
1 + dn±
1
nf
K0,nψ
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
(
1− r
dn±+1
m
)]
, (34)
Jn(tm) =
nf − 1
nf
r
dnψ
m +
1
nf
∑
±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
r
dn±
m , (35)
and here rm = αs(tm)/αs(0) corresponds to the ratio between the QCD running coupling at the scale of the heavy
quark mass and that of the renormalisation scale for the photon matrix element in OPE formalism. See the Appendix
A for the explicit expressions of the PDFs in the virtual photon including the resummed mass effects.
If we denote the variation terms as ∆q
γ(0),n
i (t) which are due to the heavy quark effects, then we recover the fixed
order (NLO QCD + heavy quark mass effects) results as given by
∆q
γ(0),n
Ls (t)/
α
8πβ0
= ∆Aˆn,ψLs
(
1− rd
n
ψ
)
+
∑
±
∆Aˆn,±Ls
(
1− rd
n
±
)
, (36)
∆Aˆn,ψLs =
nf − 1
nf
2β0∆A˜
n
H ,
∆Aˆn,±Ls = −
nf − 1
nf
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
2β0∆A˜
n
H ,
∆q
γ(0),n
H (t)/
α
8πβ0
= ∆Aˆn,ψH
(
1− rd
n
ψ
)
+
∑
±
∆Aˆn,±H
(
1− rd
n
±
)
+∆Cˆn, (37)
∆Aˆn,ψH = −
nf − 1
nf
2β0∆A˜
n
H ,
∆Aˆn,±H = −
1
nf
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
2β0∆A˜
n
H ,
∆Cˆn = 2β0∆A˜
n
H ,
∆Gγ(0),n(t)/
α
8πβ0
=
∑
±
∆Aˆn,±G
(
1− rd
n
±
)
, (38)
∆Aˆn,±G = −
γ0,nGψ
λn± − λ
n
∓
2β0∆A˜
n
H ,
∆q
γ(0),n
Lns (t)/
α
8πβ0
= 0, (39)
7where qˆ
(0),n
H (0)/
α
8piβ0
= 2β0∆A˜
n
H . The variation of operator matrix element ∆A˜
n
H is evaluated from the LO coupling
αs(tm) together with the LO anomalous dimension K
0,n
H in our method. Neglecting the finite term (large mass limit),
the variation of the operator matrix element is evaluated as
∆A˜nH = −
1
2
K0,nH ln
m2
P 2
= −12e2H
n2 + n+ 2
n(n+ 1)(n+ 2)
ln
m2
P 2
. (40)
All the results in the large mass limit is consistent with that of the variation terms in Ref. [43] except for the
mass-independent finite terms. It is impossible to recover these terms only through the DGLAP equation and these
difference could be considered as the scheme-dependence for photon PDFs.
B. A certain limit
Next we consider the expression by taking a limit (Λ2 ≪ P 2 ≪ m2) in order to compare our results with those in
Ref. [43].
In terms of the LO running coupling constant
αs(Q
2) =
4π
β0
1
ln(Q2/Λ2)
, (41)
the ratio rm can be written as
rm =
αs(m
2)
αs(P 2)
=
ln(P 2/Λ2)
ln(m2/Λ2)
= 1−
ln(m2/P 2)
ln(m2/Λ2)
≡ 1− ǫ, (42)
where ǫ = ln(m2/P 2)/ ln(m2/Λ2). Considering the case of large-mass limit: ln(m2/P 2)≪ ln(m2/Λ2), we can set the
region of ǫ as ǫ≪ 1. Then we can expand Hn(tm), Jn(tm) in the modified initial condition term q
(0),n
H up to O(ǫ) as
Hn(tm) =
4π
αs(tm)
K0,nH
[
ǫ+O(ǫ2)
]
, (43)
Jn(tm) = 1 +O(ǫ), (44)
where we have used (1 + ǫ)d ≈ 1 + dǫ. By using the fact 4pi
αs(tm)
= β0 ln
m2
Λ2 , we obtain the result as
qˆ
(0),n
H (0)/
α
8πβ0
≈ −β0K
0,n
H ln
m2
P 2
[ 1 +O(ǫ) ] , (45)
where the order of the neglected term O(ǫ) corresponds to the terms like lnk(m2/P 2), (k = 1, 2, 3, . . . ). We recover
the results about the large logarithmic term due to the heavy quark mass effect which appears in the result by OPE
formalism except for mass-independent finite terms. Therefore the equations (A2),(A3),(A4), and (A5) which we
derived by the modification of the initial condition for the heavy PDF in the LO DGLAP equation are more general
forms and the large logarithm terms are resummed. The resummed terms form compact power terms (rm)
dni in
qˆ
γ(0),n
H (0).
IV. NUMERICAL RESULTS
One can obtain the various photon PDFs from their moments by the inverse Mellin transformation. We show the
results of numerical calculation for the heavy quark PDF qγH , the gluon PDF G
γ , the light singlet quark PDF qγLs
and the effective photon structure function F γeff . The last one, F
γ
eff , is scheme-independent and is proportional to the
total cross section of the two photon process. We consider the two cases which were measured in the experiments
[45, 46]. The first case (i) resides in the PLUTO energy region where we regard the charm quark as the heavy quark,
the second case (ii) is in the L3 energy region where we regard the bottom quark as the heavy quark,
case (i) nf = 4, Q
2 = 5 GeV2, P 2 = 0.35 GeV2, mc = 1.3 GeV, (46)
case (ii) nf = 5, Q
2 = 120 GeV2, P 2 = 3.7 GeV2, mb = 4.2 GeV, (47)
8where Λ = 0.2 GeV is the QCD scale parameter. In both case (i) and (ii), we plot the parton distribution functions
in the virtual photon with the DISγ scheme [47]. In addition to the photon PDFs, we evaluate the effective photon
structure function F γeff(x,Q
2, P 2) defined by,∫ 1
0
dxxn−2F γ2 (x,Q
2, P 2) =
∑
i
Cγi (n,Q
2) qγi (n,Q
2, P 2), (48)
F γeff(x,Q
2, P 2) = F γ2 (x,Q
2, P 2) +
3
2
F γL(x,Q
2, P 2), (49)
where Cγi (n,Q
2)’s are the moments of the coefficient functions in OPE formalism and the index i runs over the
related operators (quarks, gluon, photon), qγi (n,Q
2, P 2)’s are the moments of the photon PDFs, F γ2,L(x,Q
2, P 2) are
the usual photon structure functions. The photon PDFs and the effective photon structure function contain the
massless contribution and the massive contribution (mass effects). We have evaluated massless contribution up to the
NLO in QCD, the massive contribution is considered up to the LO in QCD, and we add them together to get the
total contributions by using the formalism adopted in this paper.
We plot (a) the heavy quark PDF qγH(x,Q
2, P 2), (b) the gluon PDF Gγ(x,Q2, P 2), and (c) the light singlet quark
PDF qγLs in Fig. 2 for the case (i), and the same three functions in Fig. 3 for the case (ii). The effective photon structure
functions F γeff(x,Q
2, P 2) are plotted in Fig. 4 (a) and (b) for the case (i) and (ii), respectively. The abbreviation for
the various predictions in the figures are as follows; ‘Massless NLO’ is the result without the heavy quark effect by
using the massless OPE formalism, ‘HQE’ is the result with the heavy quark effect by using the usual OPE formalism,
the ‘Resum-HQE’ is the result with the fully resummed heavy quark effects, and it is evaluated by the method in
which the massless contribution at the NLO and the heavy quark effects at the LO are combined, and ‘Resum-HQE-
Exp’ is the result with Eq. (45), respectively. The difference between ‘Resum-HQE-Exp’ and ‘HQE’ arises from the
mass-independent finite term which one cannot reproduce only through the renormalisation group equation as we
mentioned before.
In general, we can see the large suppression due to the heavy quark mass effects and its resummation effect on
the charm quark distribution (a), the gluon distribution (b) in Fig. 2 and the effective photon structure function
(a) in Fig. 4. On the other hand, we find a small suppression effect on the bottom quark distribution (a), the gluon
distribution (b) in Fig. 3 and the effective photon structure function (b) in Fig. 4. For the light singlet quark PDF, the
heavy quark effect given in Eq. (36) is almost negligible, namely the three curves with heavy quark effects in Figs. 2(c)
and 3(c) overlap with each other and they also coincide with the plot ‘Massless NLO’except for the small x region in
the case of Fig. 2(c). This is because the right-hand side of Eq. (36) can be written as (1−1/nf)2β0∆A˜
n
Hfn(r), where
fn(r) ≡ −(r)
dnψ +
γ0,nψψ − λ
n
−
λn+ − λ
n
−
(r)d
n
+ +
γ0,nψψ − λ
n
+
λn− − λ
n
+
(r)d
n
− , (50)
which is extremely small as discussed in [43]. While the right-hand side of Eq. (37) is written as (1 −
1/nf)2β0∆A˜
n
Hgn(r), where
gn(r) ≡ (r)
dnψ +
1
nf − 1
{
γ0,nψψ − λ
n
−
λn+ − λ
n
−
(r)d
n
+ +
γ0,nψψ − λ
n
+
λn− − λ
n
+
(r)d
n
−
}
= (r)d
n
ψ/(1− 1/nf) + fn(r)/(nf − 1), (51)
which is expressed approximately as (r)d
n
ψ/(1 − 1/nf), and hence the heavy quark mass effects become sizable for
heavy quark PDFs. Note that there exist no heavy quark effects on light nonsinglet quark PDF qγLns as seen from
Eq. (39). Since each light quark PDF, qiL, is a linear combination of the singlet and nonsinglet quark PDFs, the
heavy quark effects on the light quark PDFs are in fact negligibly small. Phenomenologically interesting features
are the differences of the size for the heavy quark effect on the heavy quark PDF and the gluon PDF. The origin of
this difference for the heavy quark effects comes from their electromagnetic charges. Since the absolute value of the
charge of the charm quark is larger than that of the bottom quark, we obtain the larger reduction of the gluon PDF
in the case (i) than that of in the case (ii). We can also see these differences in the physical observable; the effective
structure function in Figs. 4 (a)-(b) in both case (i) and (ii).
The resummation effect of the large logarithmic terms due to the heavy quark mass is also larger in the case (i) for
the three functions (charm, gluon, effective structure function) than those in the case (ii). In addition to this feature,
we observe a little bit interesting property of the (a) in Fig. 4. It seems to be that the curve with fully resummation
effect (Resum-HQE) slightly close to the experimental data than the curve without the resummation effect (HQE,
Resum-HQE-Exp). It might be due to the validity of our present method for the resummation of the heavy quark
mass effects. However we cannot say anything about the validity for L3 case (the figure (b) in Fig. 4) due to the small
bottom’s mass effects on the effective structure function.
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FIG. 2: Parton distributions in the photon in DISγ scheme for nf = 4, Q
2 = 5 GeV2, P 2 = 0.35 GeV2 with mc = 1.3 GeV and
Λ = 0.2 GeV: (a) xcγ(x,Q2, P 2)|DISγ ; (b) xG
γ(x,Q2, P 2)DISγ , and the light singlet quark distribution (c) xq
γ
Ls(x,Q
2, P 2)DISγ .
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FIG. 3: Parton distributions in the photon in DISγ scheme for nf = 5, Q
2 = 120 GeV2, P 2 = 3.7 GeV2 with mb = 4.2 GeV and
Λ = 0.2 GeV: (a) xbγ(x,Q2, P 2)|DISγ ; (b) xG
γ(x,Q2, P 2)DISγ , and the light singlet quark distribution (c) xq
γ
Ls(x,Q
2, P 2)DISγ .
Thus, we conclude that the large suppression effect exists in the theoretical prediction for the charm PDF, gluon
PDF in the (b) with DISγ scheme, the effective photon structure function (a) of Fig. 4 at the PLUTO’s kinematical
point not because of the NLO QCD corrections, but because of the heavy quark (charm quark) effects. On the other
hand, we can see stable results of the theoretical prediction for the bottom PDF, the gluon PDF in the (b) with DISγ
scheme, the effective photon structure function (b) of Fig. 4 at the L3’s kinematical point despite the NLO QCD
corrections and heavy quark (bottom quark) effects within this formalism.
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FIG. 4: Effective structure functions for PLUTO (a); nf = 4, Q
2 = 5 GeV2, P 2 = 0.35 GeV2 with mc = 1.3 GeV and
Λ = 0.2 GeV: L3 (b) nf = 5, Q
2 = 120 GeV2, P 2 = 3.7 GeV2 with mb = 4.2 GeV and Λ = 0.2 GeV.
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V. CONCLUSION
We have discussed the resummation of the heavy quark mass effects on the photon PDFs by changing the initial
condition for the LO DGLAP equation. Our method is based on the mass-independent DGLAP evolution equation
and a change of the initial condition for the heavy quark component in the LO solution of the DGLAP evolution
equation.
We recovered the previous results based on the NLO OPE formalism [43] except for finite terms by taking a certain
limit: ln(m2/P 2)≪ ln(m2/Λ2). By using the method, we can resum the large logarithmic terms due to heavy quark
mass effects on photon PDFs in the virtual photon. We evaluate the size of the resummation effects numerically.
The resummation effects for the charm quark PDF, gluon PDF are larger than that of the bottom quark PDF due
to the heavy quark electromagnetic charge. We also see that the resummation of the heavy quark mass effects on
the effective structure function tends to close to the experimental data in PLUTO case. Although we only presented
the PDFs in the DISγ scheme, the PDFs in the MS scheme with our resummed heavy quark effects could be inferred
from the difference between the PDFs in MS and those in DISγ in our previous paper [43] where both schemes were
explicitly presented.
Now some comments on the future extensions of the present work are in order. One of the possible extensions
is the NLO analysis. We can solve the NLO DGLAP equation including the change of the initial condition for the
LO DGLAP equation. Other possibility is the extension of this idea to the nf quarks system with two or more
heavy quarks. In the case of two heavy flavours, this can be achieved by decomposing the nf quarks into the nf − 2
light quarks and two heavy quarks. Such an extension will be useful to analyse the virtual photon structure functions
under the situation which contains both the massive bottom quark and the charm quark at Super KEK-B [3]. Another
example for the phenomenological application of this idea is to analyse the system with the heavy superpartners in
the supersymmetric QCD.
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Appendix A: Summary of explicit expressions for the LO solution
We can obtain the expression with the heavy quark effects for Ls,H,G,Lns components. Each elements of the LO
solution is defined by
qγ(0)n =
(
q
(0),n
Ls (t), q
(0),n
H (t), G
(0),n(t), q
(0),n
Lns (t)
)
. (A1)
Then the LO solutions are summarised as
q
(0),n
Ls (t)/
α
8πβ0
=
4π
αs(t)
[
1
1 + dnψ
(
1
nf
Knψ −K
0,n
H
)(
1− rd
n
ψ+1
)
+
nf − 1
nf
K0,nψ
∑
±
1
1 + dn±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
(
1− rd
n
±+1
)]
+
[
−
nf − 1
nf
rd
n
ψ +
nf − 1
nf
∑
±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
rd
n
±
]
qˆ
(0),n
H (0)/
α
8πβ0
, (A2)
q
(0),n
H (t)/
α
8πβ0
=
4π
αs(t)
[
−
1
1 + dnψ
(
1
nf
Knψ −K
0,n
H
)(
1− rd
n
ψ+1
)
+
1
nf
K0,nψ
∑
±
1
1 + dn±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
(
1− rd
n
±+1
)]
+
[
nf − 1
nf
rd
n
ψ +
1
nf
∑
±
γ0,nψψ − λ
n
∓
λn± − λ
n
∓
rd
n
±
]
qˆ
(0),n
H (0)/
α
8πβ0
, (A3)
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G(0),n(t)/
α
8πβ0
=
4π
αs(t)
[
Knψ
∑
±
1
1 + dn±
γ0,nGψ
λn± − λ
n
∓
(
1− rd
n
±+1
)]
+
∑
±
γ0,nGψ
λn± − λ
n
∓
rd
n
± qˆ
(0),n
H (0)/
α
8πβ0
, (A4)
q
(0),n
Lns (t)/
α
8πβ0
=
4π
αs(t)
1
1 + dnψ
KnLns
(
1− rd
n
ψ+1
)
. (A5)
The first term of the above results corresponds to the massless result and the second term corresponds to the variation
term due the resummed heavy quark mass effects. Note that there is no extra contribution due to the modification
of the initial condition for the Lns component. This is consistent with the result in our previous work [43]. These
results are the new and main results in this paper.
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